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Motivation?
I Model Risk

If you haven’t heard about this:
Fed SR 11-7:Supervisory Guidance on Model Risk Management

then you may not remember. . .
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Motivation?
I Model Risk

If you haven’t heard about this:
Fed SR 11-7:Supervisory Guidance on Model Risk Management

I Documentation

To the Nth degree , where N ∈ R+ is a large number
I What’s in your Model?

Inputs
Engine
Outputs

I Can you locate everything?
Outputs and inputs?
Documentation?
Did I mention “documentation”? Everything begins with documentation.

I Can you reproduce your output?
Go on : I dare you!

I Can you drill down to the trade level?
Now we’re talking!

I Let’s see what “document” means for something that’s simple. . .
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The Humble Exchange of Currency Notionals

I Seems innocuous?
V = e−rT (F − K) × N

from Hull . . . or one of M other academic references, where M ∈ R+ is a very
large number

I We’re done! Right?
I Nah, ah, ah!
I What is r? When does it apply? How long is it good for?
I What is F? How and when does it change? How is it quoted?
I What is K? How is it quoted?
I What is N? What currency is it denominated in?
I What is V? What currency is it denominated in?
I How do I price a book: with different currencies? and different maturities?
I What are the risk sensitivities? Of the instrument? Of the book?
I Do all desks price the same way? Why not? Ignoring the fact that instruments

are OTC, identical contracts on different desks should be priced identically.
I That’s a pretty tall order
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Representing Domestic & Foreign Currencies
I Let the FX (i.e. non-USD) currency be synonymous with “CCY”

I We represent nominal amounts in USD by N$

I We represent nominal amounts in CCY by NC

I The base-quote pair:

USDCCY =
CCY
USD

=
Units of CCY

1 × Unit of USD
(1)

or, on the flip side:

CCYUSD =
USD
CCY

=
Units of USD

1 × Unit of CCY
(2)

I

N$ ×
Units of CCY

1 × Unit of USD︸               ︷︷               ︸
USDCCY

⇔ Quantity in CCY (3)

NC ×
Units of USD

1 × Unit of CCY︸               ︷︷               ︸
CCYUSD

⇔ Quantity in USD (4)
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Terms & Tenors, Spot Rates and Rates

I Term

Time until a rate applies, typically t
I Tenor Time over which a rate applies, typically T − t , where T is the contract

maturity
I 0 <︸︷︷︸

term

t < T︸︷︷︸
tenor

I Spot Rate At any time t as St : market rate that can be traded for the closest
date of delivery of the FX currency

I Forward Price At any time t as Ft ,T−t : this is the fair-value market rate for a
forward contract with maturity T

I Zero-rate domestic curve For term t and tenor T − t spot market rate for a
forward contract with maturity T , rd,t ,T−t

(simplify to rd when context allows)
I Zero-rate foreign-currency rate For term t and tenor T − t spot market rate

for a forward contract with maturity T , rf ,t ,T−t

(simplify to rf when context allows)
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Terms & Tenors, Spot Rates and Rates
I St ⇔ Spot rate at time t

I Ft ,T−t ⇔ Forward price for term t and tenor T − t

I rd,t ,T−t ⇔ rd ⇔ Domestic interest rate for term t and tenor T − t

I rf ,t ,T−t ⇔ rf ⇔ Foreign interest rate for term t and tenor T − t

mustn’t forget...
I K ⇔ Forward price struck in the contract at inception, i.e. t = 0

In FX pricing we’ll consider these to be “reserved words” , so we’ll usually qualify
them on first blush with the currency-quote convention, e.g. :

Ft ,T−t︸︷︷︸
CCYUSD

def
= St + ft ,T−t︸      ︷︷      ︸

CCYUSD

We’ll let context sort out the rest , but note that when we write “Ft ,T−t ”, it’s
short-hand for a fully qualified version, such as

Ft ,T−t︸︷︷︸
CCYUSD

=
1

Ft ,T−t︸︷︷︸
USDCCY
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Avoiding Arbitrage: The Domestic Argument

1 Invest USD 1 in a domestic bank today at interest rate rd for time T :

USD 1 will grow to USD 1 × erd T at maturity,T
2 Invest an equivalent amount of the non-domestic currency CCY today in the

foreign country at the foreign interest rate rf for time T :

CCY 1/S0 will grow to CCY 1/S0 × erf T at maturity, T
Using Equation2, i.e. we take valuation and/or P&L in USD—hence “domestic”:

S0︸︷︷︸
CCYUSD

, where CCYUSD =
USD
CCY

=
Units of USD

1 × Unit of CCY

3 Strike a forward contract to exchange a notional amount of CCY 1/S0 × erf T

for USD F0,T/S0 × erf T at T :

CCY 1/S0 can be exchanged for USD F0,T/S0 × erf T at maturity, T
4 No-arbitrage is satisfied if the USD notional equivalents are equated:

USD erd T = USD F0,T/S0 × erf T at maturity, T
5 Solving for the forward price, we have:

Ft ,T−t = Ste(rd−rf )(T−t)︸          ︷︷          ︸
CCYUSD

(5)
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Forward Points

1 Market convention does not quote a forward price Ft ,T−t

2 Forward points (or “swap points”) are quoted

3 Quoted points are always positive and they are quoted as a bid-ask pair

4 If the quoted points are ascending they are added to the quoted spot’s bid-ask pair to
obtain the forward price
If the quoted points are descending they are subtracted from the quoted spot bid-ask
Hence the trader’s adage: Ascending? Add. Descending? Deduct

5 Forward points are a spread over spot:

Ft ,T−t
def
= St + ft ,T−t (7)

6 Once we have Ft ,T−t , a contract can be struck in a particular direction for the
agreed forward price (or “all-in price”), which we call K
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Forward Points

I Forward points are a spread over spot:

Ft ,T−t
def
= St + ft ,T−t (8)

I An expression for forward points in CCYUSD:

ft ,T−t = Ft ,T−t − St

= Ste(rd−rf )(T−t) − St

= St (e(rd−rf )(T−t) − 1)︸                  ︷︷                  ︸
CCYUSD

(9)

I An expression for forward points in USDCCY:

ft ,T−t = Ft ,T−t − St

= Ste(rf−rd )(T−t) − St

= St (e(rf−rd )(T−t) − 1)︸                  ︷︷                  ︸
USDCCY

(10)
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Cash Flow: the Pay-off in USD at T

I What happens at T?
I Let K be quoted as CCYUSD. You’re long a FX contract for NC

I At maturity you will receive a notional amount NC (in units of CCY) and you will
pay a contractually agreed notional equivalent of N$ = NC × K (in units
of USD) at maturity
Let’s ignore the fact that physical delivery won’t happen until two trading days after maturity in most cases

What you receive at T : ↑ NC (in units of CCY)
What you pay at T : ↓ NC × K (in units of USD)

I Let’s say you unwind the position immediately at maturity, the net cash flow in
USD is:

C$,Long
T ,Realized = NC × (ST − K)︸     ︷︷     ︸

CCYUSD

(11)

I Let’s say you were short the same position
What you receive at T : ↑ NC × K (in units of USD)
What you pay at T : ↓ NC (in units of CCY)

C$,Short
T ,Realized = NC × (K − ST )︸     ︷︷     ︸

CCYUSD

(12)
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Convention for Longs & Shorts

I It should be clear that
C$,Long

T ,Realized = −C$,Short
T ,Realized (13)

I Direction of the contract (long or short) in terms of the sign on the foreign
currency notional NC:

C$,Long
T ,Realized = +1 × NC × (ST − K)︸     ︷︷     ︸

CCYUSD

(14)

C$,Short
T ,Realized = −1 × NC × (ST − K)︸     ︷︷     ︸

CCYUSD

(15)

(16)

The cash flow in USD that occurs at maturity T is:

C$
T ,Realized = ±NC × (ST − K)︸     ︷︷     ︸

CCYUSD

(17)
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The Expected Future Spot Price

I For any t < T , C$
T is unknowable because ST is unknowable

In the Rumsfeldian Taxonomy this isn’t so bad: A Known Unknown

I For any t < T the expected future spot price at T is the no-arbitrage forward
price:

�t [ST ] = Ft ,T−t (18)

To see this, take Equation (5) at maturity, i.e. when t = T :

Ft ,T−t = Ste(rd−rf )(T−t)︸          ︷︷          ︸
CCYUSD

FT ,T−T = ST e(rd−rf )(T−T)

FT ,0 = ST e(rd−rf )(0)

= ST

I The NPV at t of the expected cash flow at maturity T is simply this cash flow
discounted to present value by the domestic risk-free rate for tenor T − t , viz.
rd,t ,T−t

This is the fair value Vt ,T−t intrinsic to the contract
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The Fair Value of a FX Forward Contract

I We’ve established that the fair value Vt ,T−t intrinsic to the contract is:

V$
t ,T−t = e−rd (T−t) × C$

T ,Unrealized

= ±NC × e−rd (T−t) × (Ft ,T−t − K)︸        ︷︷        ︸
CCYUSD

(19)

What if we wished to value the same contract in the foreign currency?
Repeating the argument mutatis mutandis we arrive at:

VC
t ,T−t = ∓N$ × e−rf (T−t) × (Ft ,T−t − K)︸        ︷︷        ︸

USDCCY

(20)

and it should be the case that

V$
t ,T−t = VC

t ,T−t × St︸︷︷︸
CCYUSD

(21)

But is it?
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No Free Lunch

VC
t ,T−t = ∓N$ × e−rf (T−t)

× (Ft ,T−t − K)︸           ︷︷           ︸
USDCCY

VC
t ,T−t = ±NC × e−rd (T−t)

×

 St e(rd−rf )(T−t)
− K

St

︸                            ︷︷                            ︸
CCYUSD

VC
t ,T−t × St︸︷︷︸

CCYUSD

= ±NC × e−rd (T−t)
×

(
St e(rd−rf )(T−t)

− K
)

︸                          ︷︷                          ︸
CCYUSD

= V$
t ,T−t

Phew!
If this were not the case you could make money by parking your cash in a foreign
bank
Perhaps in Cyprus?
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Expressions for the Fair Value (CCYUSD)

I St ,Ft ,T−t ,K quoted as CCYUSD

V$
t ,T−t ⇔ V$(T − t ,St ,K , rd , rf ) = ±NC × e−rd (T−t)

× (�t
[
ST

]
− K) from Equation (??) (22)

= ±NC × e−rd (T−t)
× (Ft ,T−t − K) from Equation (19) (23)

= ±NC × e−rd (T−t)
× (St + ft ,T−t − K) from Equation (8) (24)

= ±NC × e−rd (T−t)
× (St e(rd−rf )(T−t)

− K) from Equation (5) (25)

= ±NC ×
(
St e−rf (T−t)

− Ke−rd (T−t)
)

(26)

by rearranging terms in Equation (25)

I The dependencies are expressed most explicitly as:

V$
t ,T−t ⇔ V$(T − t ,St ,K , rd , rf ) = ±NC ×

(
Ste−rf (T−t) − Ke−rd (T−t)︸                        ︷︷                        ︸

CCYUSD

)
(27)
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− K) from Equation (??) (22)

= ±NC × e−rd (T−t)
× (Ft ,T−t − K) from Equation (19) (23)

= ±NC × e−rd (T−t)
× (St + ft ,T−t − K) from Equation (8) (24)

= ±NC × e−rd (T−t)
× (St e(rd−rf )(T−t)

− K) from Equation (5) (25)

= ±NC ×
(
St e−rf (T−t)

− Ke−rd (T−t)
)

(26)

by rearranging terms in Equation (25)

I The dependencies are expressed most explicitly as:

V$
t ,T−t ⇔ V$(T − t ,St ,K , rd , rf ) = ±NC ×

(
Ste−rf (T−t) − Ke−rd (T−t)︸                        ︷︷                        ︸

CCYUSD

)
(27)
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Sensitivity to FX spot (CCYUSD)

∆V$
t ,Spot

def
=

∂V$
t

∂St
∆S

=
∂

∂St

(
±NC ×

(
St e−rf (T−t)

− Ke−rd (T−t)))∆S

= ±NC × e−rf (T−t)∆S (28)

Alternatively, we could perturb V$
t ,T−t directly:

∆V$
t ,Spot

def
= V$

t ,T−t (St + ∆S) − V$
t ,T−t (St )

= ±NC ×
((

(St + ∆S)e−rf (T−t)
− Ke−rd (T−t))

−
(
St e−rf (T−t)

− Ke−rd (T−t)))

= ±NC × e−rf (T−t)∆S (29)

where V$
t ,T−t (St + ∆S) − V$

t ,T−t (St ) means perturb only St in V$
t ,T−t ⇔ V$(T − t ,St ,K , rd , rf )

From both approaches we have:

∆V$
t ,Spot = ±NC × e−rf (T−t)∆S (30)
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Sensitivity to Domestic Spot Zero-Rate (CCYUSD)

∆V$
t ,rd

def
=

∂V$
t

∂rd
∆r

=
∂

∂rd

(
±NC ×

(
St e−rf (T−t)

− Ke−rd (T−t)))∆r

= ±NC × K(T − t)e−rd (T−t)∆r

≈ ±NC × K(T − t)
(
1 − rd (T − t)

)
∆r

= ±NC ×
(
K(T − t)∆r − rd (T − t)2∆r︸            ︷︷            ︸

≈0

)

≈ ±NC × K(T − t)∆r (31)

∆V$
t ,rd

def
=

∂V$
t

∂rd
∆r

≈ ±NC × K(T − t)∆r (32)

Alternatively, we could perturb V$
t ,T−t directly:

∆V$
t ,rd

def
= V$

t ,T−t (rd + ∆r) − V$
t ,T−t (rd )

= ±NC ×
((

St e−rf (T−t)
− Ke−(rd +∆r)(T−t))

−
(
St e−rf (T−t)

− Ke−rd (T−t)))

= ±NC ×
(
−Ke−(rd +∆r)(T−t) + Ke−rd (T−t)

)

≈ ±NC ×
(
−K

(
1 − (rd + ∆r)(T − t)

)
+ K

(
1 − rd (T − t)

))

= ±NC × K(T − t)∆r (33)

∆V$
t ,rd

def
= V$

t ,T−t (rd + ∆r) − V$
t ,T−t (rd )

≈ ±NC × K(T − t)∆r (34)

From both approaches we have:

∆V$
t ,rd

= ±NC × K(T − t)∆r (35)
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Sensitivity to Foreign Spot Zero-Rate (CCYUSD)

∆V$
t ,rf

def
=

∂V$
t

∂rf
∆r

=
∂

∂rf

(
±NC ×

(
St e−rf (T−t)

− Ke−rd (T−t)))∆r

= ±NC ×
(
−St (T − t)e−rf (T−t)∆r

)

≈ ±NC ×
(
−St (T − t)

(
1 − rf (T − t)

)
∆r

)

= ±NC ×
(
−St (T − t)∆r − rf (T − t)2∆r︸           ︷︷           ︸

≈0

)

≈ ±NC × −St (T − t)∆r

∆V$
t ,rf

def
=

∂V$
t

∂rf
∆r

≈ ±NC × −St (T − t)∆r

Alternatively, we could perturb V$
t ,T−t directly:

∆V$
t ,rf

def
= V$

t ,T−t (rf + ∆r) − V$
t ,T−t (rf )

= ±NC ×
((

St e−(rf +∆r)(T−t)
− Ke−rd (T−t))

−
(
St e−rf (T−t)

− Ke−rd (T−t)))

= ±NC × St
(
e−(rf +∆r)(T−t)

− e−rf (T−t)
)

≈ ±NC × St
((

1 − (rf + ∆r)(T − t)
)
−

(
1 − rf (T − t)

))

= ±NC × −St
(
∆r(T − t)

)

∆V$
t ,rf

def
= V$

t ,T−t (rf + ∆r) − V$
t ,T−t (rf )

≈ ±NC × −St
(
∆r(T − t)

)
From both approaches we have:

∆V$
t ,rf

= ±NC × −St (T − t)∆r (34)
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Sensitivity to Tenor (CCYUSD)

∆V$
t ,τ
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The FX Forward Contract (CCYUSD)

V$
t ,T−t ⇔ V$(T − t ,St ,K , rd , rf ) = ±NC ×

(
Ste−rf (T−t) − Ke−rd (T−t)︸                        ︷︷                        ︸

CCYUSD

)
∆V$

t ,Spot = ±NC × e−rf (T−t)∆S

∆V$
t ,rd

= ±NC × K(T − t)∆r

∆V$
t ,rf

= ±NC × −St (T − t)∆r

∆V$
t ,τ = ±NC ×

(
−rf St + rdK

)
∆τ
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The FX Forward Contract (USDCCY)

VC
t ,T−t ⇔ VC(T − t ,St ,K , rd , rf ) = ∓N$ ×

(
Ste−rd (T−t) − Ke−rf (T−t)︸                        ︷︷                        ︸

USDCCY

)
∆VC

t ,Spot = ∓N$ × e−rd (T−t)∆S

∆VC
t ,rd

= ∓N$ × −St (T − t)∆r

∆VC
t ,rf

= ∓N$ × K(T − t)∆r

∆VC
t ,τ = ∓N$ ×

(
−rdSt + rf K

)
∆τ
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The End is Nigh!

I We’re done! Right?
I Nah, ah, ah!
I How ’bout them perturbations?
I Where does rd come from?
I Where does rf come from?
I Does any of this stuff actually work?
I That’s a pretty tall order
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Perturbing Spot: Directionality
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No means No (Arbitrage)!

I The observables in the market are St and ft ,T−t (and therefore Ft ,T−t , by
Equation (8))

I Once a contract has been struck, K is also known
I Curve cooking and interpolating to unknown tenors is an entire discussion

unto itself but let’s assume that the Fairy Godmother gives you a decent rd to
play with

I You can’t have an arbitrary rf otherwise there’s an arbortunity
That’s my new portmanteau: arbitrage opportunity⇔ arbortunity
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Implied Non-domestic Zero Rates (CCYUSD)

St + ft ,T−t
def
= Ste(rd−rf )(T−t)

log(1 + ft ,T−t/St ) = (rd − rf )(T − t)

log(1 + ft ,T−t/St )

T − t
= rd − rf

rd = rf +
log(1 + ft ,T−t/St )

T − t
(36)

rf = rd −
log(1 + ft ,T−t/St )

T − t
(37)
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