CONVEX OPTIMIZATION FOR HIGH-DIMENSIONAL
PORTFOLIO CONSTRUCTION

R/FINANCE 2017

R. Michael Weylandt
2017-05-20

Rice University



IN THE BEGINNING...

PORTFOLIO SELECTION*

Harry MARKOWITZ
Tke Rand Corporation

THE PROCESS OF SELECTING a portfolio may be divided into two stages.
The first stage starts with observation and experience and ends with
beliefs about the future performances of available securities. The
second stage starts with the relevant beliefs about future performances
and ends with the choice of portfolio. This paper is concerned with the
second stage. We first consider the rule that the investor does (or should)
maximize discounted expected, or anticipated, returns. This rule is re-
jected both as a hypothesis to explain, and as a maximum to guide in-
vestment behavior. We next consider the rule that the investor does (or
should) consider expected return a desirable thing end variance of re-
turn an undesirable thing. This rule has many sound points, both as a
maxim for, and hypothesis about, investment behavior. We illustrate
geometrically relations between beliefs and choice of portfolio accord-
ing to the “‘expected returns—variance of returns” rule.
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THE MARKOWITZ PROBLEM

Given pu, %
minimize w'Iw — A\u'w
Sample estimates:

S =R'R/n  p=RNM,/n

minimize  w'(R'"R/mw — Aw'R™,/n
Simplify and factor:
w'(RTR/mw — Mw'R™M/n = w/(RTR/n)w — A\w'R™,/n
= WRTRwW — 2w'RT(1,7/2) + (1nA/2)"(1h1/2)
—> [|(10A/2) — Rw|}3
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LINEAR REGRESSION CONNECTION

argmin ||(1hA/2) — RW||§
WERP
— Ordinary Least Squares (OLS)

. 2
argmin ||y — XB|5
BERP

We know a lot about OLS!
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CONSTRAINED PORTFOLIO OPTIMIZATION

Portfolio constraints: concentration, diversification, transaction cost
management, etc.

Example: invest in at most K shares

argmin  [|(1,A/2) — Rw|)3
WERP:||w|o<K

NP-HARD...
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BEST SUBSETS AND THE LASSO

“Statistical Perspective”:

argmin [|(1,A/2) = Rw[5 & argmin [y — X3|3
WERP:||w]lo<K BERP:||Bllo<K

- Portfolio Optimization: Find the portfolio which has the best
risk/return trade-off using at most K assets

- Statistics: Find the statistical model which fits my data best
using at most K variables

Impossible to solve exactly for reasonable p
State of the art MIO [BKM16] solves p = 1000 in hours

In statistics, the convex relaxation of this problem is known as the
Lasso [Tib96] and it has been hugely successful.



SPARSITY
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Tune X to change risk-return trade-off and ~ to change sparsity level
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Problem first considered by [BDM*+09]
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(Figure from [BDM*09])
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INTUITION

Why does this work?

- “Sharp corners” give sparsity [CRPW12]

- Lasso can be prediction consistent without being model
selection consistent [GR04, Cha13]

- Controls over-fitting (degrees of freedom) from search
[ZHTO7, Tib15]



FURTHER STRUCTURE

Statisticians have developed many “Lasso-like” constraints which
enforce different structures:

Goal Relaxed Constraint Portfolio Analogue

Select at most K variables Lasso [Tib96] Invest in at most K assets

Select variables from at most G groups Group Lasso [YL06] Invest in at most G asset classes
Select variables from at most B overlapping groups Group Lasso with Overlap [JOV09] Trade against at most B brokers
Select variables with at least one in each of D groups Exclusive Lasso [ZJH10, CA15] Diversify over at least D asset classes

as well as highly-efficient methods for solving the corresponding
optimization problems (e.g., [FHT10]).

See [HTF09], [JWHT13], or [HTW15] for details.
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